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Abstract

Harmonic univalent functions constitute a significant and rapidly developing area within complex
analysis, representing a natural generalization of classical analytic univalent functions. Unlike purely
analytic mappings, harmonic mappings incorporate both analytic and co-analytic components, thereby
allowing greater flexibility in describing geometric deformations of domains. These functions play a
crucial role in geometric function theory, particularly in the study of conformal and non-conformal
mappings.

The theory of harmonic univalent functions has gained considerable attention due to its deep
mathematical structure and wide range of applications. Such mappings are closely connected to
physical phenomena, including fluid flow problems, elasticity theory, minimal surface theory, and
image deformation in applied sciences. A key feature of harmonic mappings is the Jacobian condition,
which ensures local univalence and orientation preservation, distinguishing them from general
harmonic functions.

This paper provides a comprehensive overview of harmonic univalent functions defined in the unit
disk, including their canonical representation, dilatation function, and fundamental properties. Special
emphasis is given to the shear construction method, which serves as a powerful tool for generating
harmonic mappings from known analytic functions. In addition, important aspects such as coefficient
estimates, geometric properties (convexity, starlikeness), and comparison with analytic univalent
functions are discussed in detail.

Recent developments in the field, including advances in quasiconformal harmonic mappings and
numerical techniques, are also highlighted. The study concludes by emphasizing the importance of
harmonic univalent functions in both theoretical mathematics and interdisciplinary applications, while
also pointing out several open problems that continue to motivate ongoing research in this area.

Keywords: Harmonic functions, Univalent functions, Harmonic mappings, Geometric function
theory, Dilatation function, Shear construction, Jacobian condition, Unit disk, Coefficient estimates,
Quasiconformal mappings.

1. Introduction

In complex analysis, the study of univalent (one-to-one) functions has long been a central topic in
geometric function theory due to their strong structural and mapping properties. These functions
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preserve distinctness of points under transformation and play a vital role in conformal mappings. A
natural and important generalization of analytic univalent functions arises when analytic functions are
replaced by harmonic functions, which allow more flexible geometric deformations.

A complex-valued function f=u+iv, defined on a domain DcC, is said to be harmonic if both its
real part uand imaginary part vsatisfy Laplace’s equation:

V2u=0,vV2v=0

Such functions are twice continuously differentiable and arise naturally in various physical contexts,
including heat conduction and fluid flow. A harmonic function is said to be univalent if it is injective
(one-to-one) in its domain, meaning that it maps distinct points in the domain to distinct points in the
codomain. The study of harmonic univalent functions extends classical analytic theory and provides a
richer framework for understanding complex mappings with both theoretical and applied significance.

2. Basic Representation

Any complex-valued harmonic function fdefined in a simply connected domain DcCadmits a
canonical decomposition into analytic and co-analytic parts. Specifically, it can be expressed in the
form:

f(z)=h(z)+g(2)

where h(z)and g(z)are analytic functions in the domain D. The function h(z)is referred to as the
analytic part, while g(z)is known as the co-analytic part of the harmonic mapping. This
decomposition is fundamental in the study of harmonic mappings, as it separates the function into
components that can be analyzed using tools from classical complex analysis.

An important quantity associated with a harmonic function is its Jacobian, which determines the local
behavior of the mapping. It is given by:

Jf(z)=Ih'(z)12-1g'(z)]2

The Jacobian measures the local change in area under the mapping f. For the function to be locally
univalent (locally one-to-one) and sense-preserving (orientation-preserving), it is necessary and
sufficient that:

Jf(z)>O0for all zeD
This condition ensures that the analytic part dominates the co-analytic part in terms of growth of
derivatives. In other words, the inequality Ig'(z)|<[h'(z)Imust hold throughout the domain.

The decomposition f=h+gprovides a powerful framework for constructing and analyzing harmonic
univalent functions. By appropriately choosing the analytic functions hand g, one can generate a wide
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variety of mappings with diverse geometric properties, which is not possible in the purely analytic
case.

3. Harmonic Univalent Functions in the Unit Disk

Let D={z€eC:|z|<1}denote the open unit disk, which serves as the standard domain for studying
harmonic univalent functions in geometric function theory. The restriction to the unit disk is not only
convenient but also essential, as many classical results and normalization conditions are formulated in
this domain.

A harmonic function fdefined in Dis said to be normalized if it satisfies the conditions:

f(0)=0,h'(0)=1,g'(0)=0

These normalization conditions ensure uniqueness and eliminate trivial transformations such as
rotations and translations.

Using the canonical decomposition f=h+g, the analytic and co-analytic parts can be expressed in the
form of power series expansions:

h(z)=z+n=200anzn,g(z)=n=2cobnzn

where anand bnare complex coefficients. The normalization h'(0)=1ensures that the leading term of
h(z)is z, while g'(0)=0guarantees that the co-analytic part does not dominate near the origin.

The class of all such normalized harmonic univalent functions in Dis commonly denoted by SH. This
class plays a role analogous to the class Sof analytic univalent functions.

An important condition for feSHis that the Jacobian remains positive throughout the disk:

Jf(z)=Ih'"(2)12-1g' (2)12>0,vzED

This ensures that the mapping is locally one-to-one and orientation-preserving across the entire
domain.

Furthermore, the coefficients anand bnsignificantly influence the geometric behavior of the mapping.
Their bounds and relationships are central topics of study, particularly in connection with growth,
distortion, and covering theorems.

Thus, the study of harmonic univalent functions in the unit disk provides a foundational framework
for understanding more general harmonic mappings and their applications in both pure and applied
mathematics.
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4. Dilatation Function

An important concept in the study of harmonic univalent functions is the dilatation function, which
plays a central role in determining the geometric behavior of harmonic mappings.

For a harmonic function f=h+g, the dilatation is defined as:

w(z)=g'(2)h'(z)

where h(z)and g(z)are analytic functions in the domain D, and h'(z)#0. The function w(z)is analytic
in Dand is often referred to as the second complex dilatation of the harmonic mapping.

A fundamental condition for the harmonic function fto be sense-preserving and locally univalent is
that the dilatation satisfies:

lw(z)l<1for all z€D

This condition ensures that the analytic part h(z)dominates the co-analytic part g(z), thereby
preserving the orientation of the mapping. In other words, it guarantees that the Jacobian:

Jf(z)=Ih'(z)12-1g'(z)]2

remains strictly positive throughout the domain.

The dilatation function provides valuable insight into how much the harmonic mapping deviates from
being conformal. In the special case when w(z)=0, the mapping reduces to a purely analytic function,
and hence becomes conformal. However, when w(z)+0, the mapping allows controlled distortion,
which is essential in modeling real-world deformations.

In many cases, the dilatation is chosen to be a simple analytic function such as:
e w(z)=kz, where |k|<1, or
e  w(z)=eibzn,

to construct explicit harmonic mappings using methods like shear construction.

Furthermore, the boundedness of the dilatation function is closely related to quasiconformal
mappings, where the quantity:

K=1+lw(2)I1-lw(z)]

represents the maximal distortion of the mapping. Thus, the dilatation serves as a bridge between
harmonic mappings and quasiconformal theory.

Hence, the dilatation function not only determines the local behavior and univalence of harmonic
mappings but also plays a crucial role in understanding their geometric and physical interpretations.
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5. Shear Construction Method

The shear construction method is one of the most powerful and widely used techniques for
constructing harmonic univalent functions from known analytic univalent functions. This method,
introduced by Clunie and Sheil-Small, provides a systematic way to generate harmonic mappings by
combining analytic functions with an appropriate dilatation.

Let ¢ (z)be an analytic and univalent function defined in the unit disk D, and let w(z)be an analytic
function such that:

lw(z)l<1for all zeD

Then, a harmonic function f=h+gcan be constructed such that:

$(z2)=h(2)-g(2)

This relation is called the shear relation, as it represents a transformation of the analytic function
¢into a harmonic mapping.

Differentiating both sides, we obtain:
¢'(z2)=h'(2)-g'(2)
Using the definition of dilatation:

w(2)=g'(D)h'(z)=g' (z)=w(2)h'(2)

Substituting this into the previous equation:

$'(2)=h'(2)(1-0(2))

which gives:
h'(z2)=¢'(2)1-w(2).8'(2)=w(2)$'(2)1-0(z)

These expressions define the derivatives of the analytic and co-analytic parts of the harmonic
mapping.

Geometric Interpretation
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The shear construction can be understood geometrically as a transformation that “shears” the image
of an analytic mapping. While analytic functions preserve angles (conformal mappings), harmonic
mappings obtained through shear construction allow controlled distortion of shapes.

e The function ¢ (z)determines the basic geometry of the mapping
o The dilatation w(z)controls the amount and direction of distortion
e The resulting function f(z)=h(z)+g(z)produces a non-conformal but injective mapping

Special Cases

1. Purely Analytic Case
If w(z)=0, then:

g'(2)=0=g(2)=0

Hence, f(z)=h(z)=¢(z), which reduces to an analytic univalent function.

2. Linear Dilatation
If w(z)=kz, where |k|<1, the resulting mapping produces smooth and controlled
deformation of the domain.

Importance of Shear Construction

« It provides a bridge between analytic and harmonic mappings

e Helps in constructing explicit examples of harmonic univalent functions

e Widely used in studying convex, starlike, and close-to-convex harmonic mappings

o Plays a key role in applications such as fluid flow and geometric deformation models

6. Coefficient Estimates

The study of coefficient estimates is a central topic in the theory of harmonic univalent functions, as
these coefficients determine the geometric behavior, growth, and distortion properties of the
mappings.

For a harmonic function f=h+gdefined in the unit disk D, the analytic and co-analytic parts are
expressed as:

h(z)=z+n=200anzn,g(z)=n=2cobnzn

where anand bnare complex coefficients.

In the classical theory of analytic univalent functions, sharp bounds for coefficients are well known
(for example, the Bieberbach conjecture, proved by de Branges). However, in the harmonic case, the
presence of the co-analytic part g(z)makes the problem significantly more challenging.

A well-known conjecture in this field, proposed by Clunie and Sheil-Small, states that:

|an|<n,|bn|<n,for n>2
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This conjecture is a natural extension of the coefficient bounds in the analytic case. Although it has
not been fully proved in general, several important partial results have been established.

Special Cases and Known Results

1. Convex Harmonic Mappings
For harmonic mappings that are convex, stronger coefficient bounds are known, and in some
cases, the conjecture holds true.

2. Starlike Harmonic Functions
For starlike harmonic mappings, coefficient estimates have been derived using geometric
conditions on the image domain.

3. Bounded Dilatation Case
If the dilatation satisfies |w(z)|<k<1, then improved bounds on coefficients can be obtained,
depending on the value of k.

Importance of Coefficient Estimates
Coefficient estimates play a crucial role in understanding:
e Growth behavior of harmonic mappings
o Distortion theorems, which describe how much a mapping can stretch or compress
« Covering theorems, which determine the size of the image domain
« Extremal problems, where functions attain maximum or minimum values

These estimates are also essential in identifying extremal functions and in studying subclasses such
as convex, starlike, and close-to-convex harmonic mappings.

Challenges in Harmonic Case

Unlike analytic functions, harmonic mappings involve two sets of coefficients anand bn, which
interact through the Jacobian condition:

Jf(z)=1h"(2)12-1g'(z)12>0

This interaction makes it difficult to obtain sharp bounds, and many problems in this area remain
open.

7. Important Theorems and Results
Theorem 1 (Clunie-Sheil-Small Theorem)

Let f=h+gbe a harmonic function in the unit disk D. Then fis locally univalent and sense-preserving
in Dif and only if:
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lg'(z)I<|h'(z)|for all zeD

Proof

The proof is based on the behavior of the Jacobian of the harmonic mapping. Recall that the
Jacobian of fis given by:

Jf(z)=Ih'(z)12-1g'(z)12

For fto be locally univalent and sense-preserving, it is necessary that the Jacobian remains strictly
positive, i.e., Jf(z)>0.

Now,
e Iflg'(z)I<Ih'(2)I, then clearly
Ih'(z)12-1g'(z)12>0

which implies Jf(z)>0, hence fis locally univalent.
o Conversely, if Jf(z)>0, then
lh'(z)12>1g'(2)12=>1h'(z)I>1g'(2)I

Thus, the condition |g'(z)I<|h'(z)lis both necessary and sufficient.
Hence proved.

Theorem 2 (Shear Construction Theorem)

Let ¢pbe an analytic univalent function in the unit disk D, and let w(z)be an analytic function such
that |w(z)|<1in D. Then there exists a harmonic function f=h+gsuch that:

h(z)-g(2)=¢(2)

and the dilatation is given by:

w(2)=g'(2)h'(z)

Proof

We are given:

$(2)=h(2)-g(2)

Differentiating both sides:
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$'(2)=h'(2)-g'(2)

Using the definition of dilatation:

g (@)=w()h'(z)

Substitute into the previous equation:

$'(2)=h'(2)-0(2)h'(z)
$'(2)=h'(z)(1-0(2))

Thus,
h'(z2)=¢'(2)1-0(2).8'(2)=w(z)$'(2)1-0(z)

Since |w(z)I<1, the denominator never vanishes, and both hand gare well-defined analytic
functions.

Hence, a harmonic mapping f=h+gis constructed.
Hence proved.

Theorem 3 (Univalence Criterion via Dilatation)
If f=h+gis harmonic in Dand its dilatation w(z)satisfies:

lw(z)I1<k<1

then fis sense-preserving and locally univalent in D.

Proof
From the condition:

lw(z)l=1g'(z2)h'(2)I<k<1

This implies:

lg'(z)I<klh'(z)I

Thus,

Ih'(z)12-1g'(z) 12> 10’ (2) 12(1-k2)>0
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Hence, the Jacobian Jf(z)>0, ensuring local univalence and sense-preserving nature.
Hence proved.

8. Geometric Properties

The geometric behavior of harmonic univalent functions is one of the most important aspects of their
study in geometric function theory. Unlike purely analytic functions, harmonic mappings allow more
flexible deformations due to the presence of the co-analytic part. As a result, classical geometric
properties such as convexity and starlikeness take on richer and more generalized forms in the
harmonic setting.

(i) Convexity

A harmonic function fis said to be convex if it maps the unit disk Donto a convex domain.
Geometrically, this means that for any two points in the image domain, the line segment joining them
lies entirely within the domain.

In the harmonic case, convexity is influenced by both the analytic part h(z)and the co-analytic part
g(z). A sufficient condition for convexity is that the associated analytic function h(z)-g(z)is convex.

Convex harmonic mappings are particularly important because:
e They guarantee global univalence
e They have well-behaved geometric structure
« Strong coefficient bounds are often available

(i1) Starlikeness

A harmonic function fis said to be starlike if it maps the unit disk onto a domain that is starlike with
respect to the origin. This means that for every point in the image domain, the straight line segment
joining that point to the origin lies entirely within the domain.

Mathematically, starlikeness ensures that the argument of the function behaves in a controlled manner.
In harmonic mappings, starlikeness depends on both h(z)and g(z), and is often studied using the
analytic function h(z)-g(z).

Starlike harmonic functions are useful in:

e Studying radial growth properties

« Analyzing boundary behavior

« Constructing mappings with controlled distortion
(iii) Close-to-Convex Functions

A harmonic function is said to be close-to-convex if its image domain does not contain any
“indentations” or inward loops, even though it may not be strictly convex.
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Close-to-convex functions form an important subclass because:
e They are always univalent (one-to-one)
e They include many functions that are not convex but still well-behaved
e They provide a broader class for studying geometric properties

A sufficient condition is that the associated analytic function satisfies certain positivity conditions
related to its real part.

(iv) Relationship Between These Properties
There exists a hierarchy among these geometric classes:

ConvexcStarlikecClose-to-Convex

This means:
« Every convex harmonic function is starlike
o Every starlike function is close-to-convex
o But the converse is not necessarily true
(v) Importance in Harmonic Mapping Theory
The study of geometric properties is essential because it helps in:
o Understanding the shape and structure of image domains
o Establishing univalence criteria
o Deriving coefficient bounds and distortion results
o Constructing functions with desired geometric features

These properties also play a significant role in applications such as fluid dynamics and elasticity, where
the geometry of deformation is crucial.

9. Comparison of Analytic and Harmonic Univalent Functions

Feature Analytic Univalent Functions|[Harmonic Univalent Functions
Form f(z) h(z)+g(z)

Components||Single Two parts

Condition  |f'(z)#0 J£>0
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Feature Analytic Univalent Functions|[Harmonic Univalent Functions
Flexibility Low High
Applications |[Mapping Physical modeling

10. Harmonic Mapping Behavior

Harmonic map

[Eck-etal95]

triangular region planar triangle
map minimizing metric distortion

Explanation

The diagram shows:
e Original unit disk with straight grid
e After harmonic mapping — distorted grid
« Mapping remains one-to-one

e Angles are not preserved everywhere

11. Applications

Harmonic univalent functions have a wide range of applications in both pure and applied mathematics,
as well as in various branches of science and engineering. Due to their ability to model non-conformal
mappings and controlled geometric distortions, they are particularly useful in describing real-world
phenomena.

(i) Fluid Mechanics
One of the most important applications of harmonic functions arises in fluid mechanics, especially

in the study of incompressible and irrotational fluid flow. In such cases, the velocity potential and
stream function are harmonic functions.
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Harmonic univalent mappings are used to:
e Model flow around obstacles
o Describe boundary behavior of fluids
e Analyze complex flow patterns

The flexibility of harmonic mappings allows better representation of non-uniform flow regions,
where purely analytic functions may not be sufficient.

(i) Elasticity Theory

In elasticity theory, harmonic mappings are used to describe deformation of elastic materials
under external forces.

Applications include:
o Stress and strain analysis
« Deformation of solid bodies

« Modeling displacement fields

Since harmonic functions allow distortion while preserving continuity, they provide a realistic
mathematical framework for studying material behavior under load.

(iii) Minimal Surfaces

Harmonic mappings are closely related to the theory of minimal surfaces, which are surfaces that
minimize area under given boundary conditions.

In this context:
« Harmonic functions help in constructing parametric representations
e They are used to study surface geometry and curvature
e They appear in problems involving soap films and surface tension
This connection makes harmonic mappings important in both mathematics and physics.
(iv) Engineering and Image Processing
In modern engineering fields, harmonic mappings are applied in:
Image processing and deformation
Computer graphics and grid generation

Signal processing
Electrostatics and heat conduction problems

They are particularly useful for:
e Smooth transformation of shapes

e Mesh generation in numerical simulations
e Modeling continuous transformations without overlap
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(v) Conformal and Quasiconformal Mapping Theory

Harmonic univalent functions serve as a bridge between conformal mappings and quasiconformal
mappings.

e When the dilatation is zero — mapping becomes conformal
e When bounded — mapping becomes quasiconformal

This makes harmonic mappings useful in:

o Complex analysis

o Geometric modeling

o Mathematical physics
12. Recent Developments
In recent years, the study of harmonic univalent functions has witnessed significant progress, driven
by both theoretical advancements and practical applications. Researchers have explored new
subclasses, developed computational techniques, and established deeper connections with other areas
of mathematics. Some of the key recent developments are discussed below.
(i) Harmonic Quasiconformal Mappings
One of the major areas of development is the study of harmonic quasiconformal mappings, which
generalize both harmonic and quasiconformal functions. These mappings allow controlled distortion
and are characterized by a bounded dilatation.
Recent work focuses on:

o Establishing sharp bounds for distortion

o Studying boundary behavior and regularity

o Investigating relationships with Teichmdiller theory

Such mappings are particularly useful in geometric analysis and have applications in complex
dynamics and geometric modeling.

(if) Numerical and Computational Methods

With the advancement of computational tools, there has been growing interest in the numerical
construction and visualization of harmonic mappings.

Recent developments include:
e Algorithms for approximating harmonic univalent functions
o Numerical solutions of boundary value problems

e Visualization of harmonic mappings using grid deformation techniques

These methods are important in:
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« Engineering simulations
o Computer graphics
e Scientific computing

They also help in understanding theoretical results through visual interpretation.
(iii) Boundary Behavior and Regularity
Another active area of research is the study of the boundary behavior of harmonic univalent
functions. Understanding how these mappings behave near the boundary of the unit disk is crucial
for both theory and applications.
Key topics include:

e Smoothness and continuity up to the boundary

e Angular limits and boundary correspondence

o Extension of harmonic mappings to closed domains

These studies are essential for solving boundary value problems and for applications in physics
and engineering.

(iv) New Subclasses and Generalizations
Researchers are continuously introducing new subclasses of harmonic univalent functions, such as:
e Harmonic mappings with bounded boundary rotation
e Typically real harmonic functions
« Harmonic close-to-convex functions with additional constraints
These subclasses help in refining existing theories and discovering new geometric properties.
(v) Interdisciplinary Connections
Recent work also emphasizes the connection of harmonic mappings with:
e Minimal surface theory
o Differential geometry

e Mathematical physics

These interdisciplinary links have expanded the scope of harmonic univalent function theory beyond
pure mathematics.

13. Conclusion

Harmonic univalent functions represent a significant and natural extension of classical analytic
function theory, providing a richer and more flexible framework for studying complex mappings. By
incorporating both analytic and co-analytic components, these functions allow a broader class of
transformations that can model non-conformal and anisotropic deformations of domains. This added
flexibility distinguishes harmonic mappings from purely analytic ones and enhances their applicability
in various mathematical and physical contexts.
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Throughout this study, we have examined the fundamental structure of harmonic univalent functions,
including their canonical decomposition, Jacobian condition, and the role of the dilatation function in
ensuring univalence and sense-preserving behavior. The shear construction method has been
highlighted as an essential tool for generating harmonic mappings from known analytic functions,
demonstrating the deep connection between analytic and harmonic theories.

In addition, important aspects such as coefficient estimates, geometric properties (including convexity,
starlikeness, and close-to-convexity), and comparison with analytic univalent functions have been
discussed in detail. These properties not only provide insight into the geometric behavior of harmonic
mappings but also help in solving extremal problems and understanding distortion phenomena.

The applications of harmonic univalent functions in fields such as fluid mechanics, elasticity theory,
minimal surface theory, and modern computational techniques further emphasize their practical
significance. Moreover, recent developments in areas like quasiconformal mappings, numerical
methods, and boundary behavior indicate that this field continues to evolve and expand.

In conclusion, harmonic univalent functions form a vital area of research in complex analysis, bridging
the gap between pure mathematical theory and real-world applications. Despite substantial progress,
many open problems remain, particularly in coefficient bounds and extremal function theory, offering
promising directions for future research.
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